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cannot resolve what relates to Infinity, and that it is essential to such a Continuity to be liable 
to such Difficulties as are insurmountable by Humane Nature. . . . To be convinced of their 
weakness, it is enough to remember that the strongest of them [the three hypotheses, points, 
atoms, parts infinitely divisible], that which best disputes the ground, is the Hypothesis of the 
divisibility to in infinitum. The Schoolmen have armed it from head to foot with all the Dis- 
tinctions which their great leisure would allow them to invent: But all this only serves to afford 
their Scholars Matter for talk upon a public Disputation, that their Relations may not suffer 
the Disgrace of seeing them mute. And accordingly a Father or a Brother go away better satis- 
fy’d, when the Scholar distinguishes betwixt a Categorematical Infinite, and a Syncategorematical 
one ... than if he should answer nothing. It was therefore necessary for the Professors to 
invent a sorte of Jargon; but all the pains which they have taken, will never be able to obscure 
this Notion which is as clear and evident as the Sun: An infinite number of Parts of Extension, each 
of which is extended, and distinct from all others, as well with respect to its Entity, as the room is taken 
up, cannot be contained in a Space One hundred Millions of times less than the Hundred Thousandth 
part of a Barly Corn.” 


That Bayle was thinking more of external realities than pure concepts of 
the human mind appears from the following quotation: 


“What the Mathematicians acknowledge with respect to Lines and Superficies, with which 
they demonstrate so many excellent things, must be owned to be true of Bodies. They honestly 
own that length and breadth without depth, are things which cannot possibly exist anywhere 
but in our Imagination. As much may be said of the three Dimensions. They cannot find any 
room any where besides in our Minds; nor can they exist any other way than Notionally. .. .” 


The demonstrations which have been given to show infinite divisibility are 
interpreted by Bayle as really proving that extension does not exist. 


“Tn the 1. place I observe that some of these Demonstrations are made use of against those 
who affirm that Matter is composed of Mathematical Points. It is objected to them, that the 
Sides of a Square would be equal to the Diagonal, and that amongst concentrical Circles, the 
least would be equal to the largest. This Consequence is proved by making it appear that the 
right Lines which may be drawn from one of the sides of a Square to another will fill the Diagonal, 
and that all the right Lines which may be drawn from the Circumference of the largest Circle, 
will find room in the smallest Circumference. . . . In the 2. place I affirm that it being very true 
that if Circles did exist, as many right lines might be drawn from the Circumference, to the Center, 
as there are parts in the Circumference, it follows that the existence of a Circle is impossible. 
I assure myself that it will be allowed me that every Being which cannot exist, without containing 
properties which cannot exist, is impossible: But a round Extension cannot exist, without having 
a Center, in which as many right Lines as there are parts in the Circumference meet; and it is 
certain that such a Center cannot exist; It must then be owned that the Existence of this round 
Extension is impossible.” 


Further indication of the difficulties encountered in the effort to construct a 
non-contradictory continuum is exhibited in the following passage by Bayle: 


. . & Body in motion, rolling in a sloping Table, could never fall off the said Table; for 
before it falls, 1t must of necessity touch the last part of the Table. And how will it touch that, 
since all those parts which you will take for the last, contain an Infinity of parts, and an infinite 
Number hath no part which can be last? This Objection obliged some Scholastic Philosophers to 
suppose that Nature hath intermixed Mathematical Points with the parts divisible in infinitum, 
to the end that they may serve to connect them, and compose the extremities of Bodies.” 


And in conclusion Bayle says: 


“Thus . . . we may suppose our Zeno of Elea to have opposed Motion. I will not aver 
that his Reasons persuaded him that nothing moved. . . . If I should judge of him by my self, 
I should affirm that he as well as others believed the motion of Extension; for tho’ I find my self 
very incapable of solving all the difficulties which we have just now seen . . . I am persuaded 
that the exposition of these Arguments may be of great use with respect to Religion. . . . The 
advantage which may be drawn from these speculations is not merely to acquire this sort of 
Knowledge, which in itself is very barren; but to learn to know the bounds of our understanding.” 
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Bayle tells also of the Sophist Diodorus who lectured against the existence 
of motion.! Having put his shoulder out of joint, he went to a physician to 
have it set. How? said the Doctor. Your Shoulder dislocated! That cannot be; 
for, if it moved, it did so either in the place where it was, or in the place where 
it was not. But it did not move either in the place where it was, or in the place 
where it was not, for it could neither act nor suffer in the place where it was not. 

Bayle’s article, though by far the fullest discussion of Zeno given up to that 
time, is not an illuminating contribution. It is prepared without much co- 
ordination. At first he refers approvingly to the infinite divisibility of space, 
later he speaks sneeringly of the advocates of that view. No mention is made 
of the important work of Gregory St. Vincent. Bayle’s general attitude in his 
article is that of a skeptic. 

Views of Leibniz. About the time when Bayle prepared his article, Leibniz 
touched upon the “Achilles” in his correspondence with the French philosopher 
Foucher. We may premise that lack of space prevents us from attempting a 
systematic exposition of Leibniz’s infinitesimals and their use in his calculus. 
Like Newton, Leibniz changed his point of view on some fundamental concepts 
of mathematics, as the years rolled on. This change of base cannot be brought 
as a charge against either of them. They were encountering most subtle prob- 
lems, in many different fields of inquiry; their ideas were in a state of flux. It is 
owing to this circumstance, as Vivanti has pointed out,? that different authors 
have attributed to Leibniz opposite views and each was able to fortify his con- 
tention by direct quotation. Thus Wolf, Achard, Gerdil, and Mansion denied 
that Leibniz admitted the existence of infinitesimals different from zero; Grandi 
claimed the opposite; Cohen and Lasswitz attributed to him the concept of the 
intensive infinitesimal, that is, an infinitesimal considered as the generator of 
finite magnitude, though itself without magnitude. In March, 1693, Foucher 
wrote Leibniz a letter in which he asks for information, how Leibniz could con- 
sistently admit divisibles and also indivisibles, and dwells upon the difficulties 
offered by the various alternatives: indivisible instants corresponding to divisible 
dots (points), or divisible instants corresponding to indivisible dots, or divisible 
instants corresponding to divisible dots. In the case of the last alternative, 
‘fon ne pourra resoudre la difficulté des Sceptiques, ni montrer comment Achille 
doit aller plus vite qu’une tortué.”* To this Leibniz replies‘ that twenty years 
previously he had written two discourses on motion which may contain some 
things of value but which contain passages on which he considers himself now 
better informed, “et entre autres, je m’explique tout autrement aujourdhuy 


1 Sextus Empiricus, lib. 2, c. 22. 

? Giulio Vivanti, “Il concetto d’infinitesimo e la sua applicazione alla matematica. Saggio 
storico,” Giornale di matematiche di Battaglini, Vol. 38 e 39, Estratto, Napoli, 1901, p. 11. This 
research is a most valuable one, containing extensive quotations from a large number of original 
sources many of which are difficult of access. 

’ Die philosophischen Schriften von Gottfried Wilhelm Leibniz, herausgegeben v. C. I. Gerhardt, 
Bd. I, Berlin, 1875, p. 411. 

4 Loc. cit., p. 415. 
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sur les indivisibles. C’estoit l’essay d’un jeune homme qui n’avoit pas ancor 
approfondi les mathématiques.” Later passages in this letter are of interest in 
the light of recent concepts of the atom, as well as in the light of the modern 
theory of the continuum: 

“Quand aux indivisibles, lorsqu’ou entend por 1a les simples extremités du temps ou de la 
ligne, ou n’y scauroit concevoir de nouvelles extremités n'y des parties actuelles ny potentielles. 
Ainsi les points ne sont ny gros ny petits, et il ne faut point de saut pour les passer. Cependant 
le continu, quoy qu’il ait partout de tels indivisibles, n’en est point composé, comme il semble que 
les objections de Sceptiques le supposent, qui, 4 mon avis, n’ont rien d’insurmontable, comme on 
trouvera en les redigeant en forme. Le pére Gregoire de S. Vincent a fort bien montré par le 
calcul méme de la divisibilité 4 infini, ’endroit ot Achille doit attraper la tortue qui le devance, 
selon la proportion des vitesses. Ainsi la Geometrie sert 4 dissiper ces difficultés apparentes. 
Je suis tellement pour l’infini actuel, qu’au lieu d’admettre que la nature l’abhorre, comme I|’on 
dit, vulgairement, je tiens qu’elle l’affecte partout, pour mieux marquer les perfections de son 
auteur, Ainsi je crois qu’il n’y a aucune partie de la matiere qui ne soit, je ne dis pas divisible, 
mais actuellement divisée, et par consequent, la moindre particelle doit estre considerée comme 
monde plein d’une infinité de creatures differentes.”’ 

It is interesting to observe that Leibniz’s comment on Gregory St. Vincent’s 
explanation of the “Achilles” was favorable, as were all comments of that time 
with which we are familiar. It was a time when a circle was quite generally 
looked upon as a polygon with an infinite number of sides; hence, no ultra refine- 
ments should be expected. Worthy of notice is a passage in a letter of Leibniz? 
to John Bernoulli I, dated Aug. 22, 1698, in which Leibniz declares that Burcher 
de Volder; and Gregory St. Vincent before him, rejected the axiom that the whole 
is greater than its part when it applied to infinity. Volder was a man of promi- 
nence in the Netherlands, as appears from the fact that he was selected to edit 
the works of Huygens. Leibniz could not agree with the Dutch scientists and 
called their views absurd. It is interesting to see how this idea of the whole 
not being greater than certain of its parts, so clearly brought out by Galileo for 
infinite aggregates, every now and then forced itself upon the attention of men 
pondering on the subject of infinity. The Spaniard, Juan Andrés,? quotes with 
approval from Christian Wolff’s widely used book, Elementa matheseos universae 
(Arth. num. 86), a proof of the theorem that “the whole is greater than its part.” 
On the other hand, the opposite view, held in the seventeenth century (as we 
have seen) by Galileo and Volder, found utterance in the eighteenth century in a 
book by Johann Schultz.’ 

Some Eighteenth Century Discussion. While considerable discussion took 
place on Zeno’s arguments in the seventeenth century, by writers like Biancani, 
Gregory St. Vincent, Peter Bayle, Descartes, and Leibniz, comparatively little 
was said on this subject during the eighteenth century. There was tremendous 
activity during the eighteenth century in the fuller development of the differential 
and integral calculus and its applications. With it came a more systematic 


1Got. Gul. Leibnitii et Johan. Bernoullii Commercium Philosophicum et mathematicum, T. 
1, Lausanne et Geneve, 1745, pp. 389, 397. 

2 Juan Andrés, De studiis philosophicis et matematicis, Matriti, 1789. 

8 J. Schultz, Versuch einer genauen Theorie des Unendlichen, Kénigsberg und Leipzig, 1778, 
p. 87. 
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development of the theory of limits, but that development was not such as to 
really throw much new light upon infinite divisibility or the ability of variables 
to reach their limits. Much might be said on discussions of the infinite, but we 
shall confine our attention to views that bear more directly upon the subject of 
our inquiry. 

The Italian philosopher and philologist, Jacopo Facciolati, of Padua, wrote 
upon the “Achilles” in Acroases dialecticae, Venetiis, 1750. As reported by 
Hofibauer,! Facciolati makes an assumption, in accordance with which the 
tortoise is never caught, though Zeno’s alleged contention that the swifter can- 
not catch the slower is not established thereby. Suppose a, b, c, d,... are 
points on a line, such that the distance be is one-tenth the preceding distance ab, 
etc. The extra assumption was to the effect that both Achilles and the tortoise 
made stops at the points a, b, c, . . . so that the time of transit from one letter 
to the next did net fall below a certain minimum. This solution of the puzzle 
can hardly be ranked as a real advance. More searching was Father Gerdil 
(1718-1802) of Turin who ranked high as a professor and philosopher, and was 
finally given a cardinal’s hat. In his article, De l’infini absolu consideré dans la 
Grandeur,” he quotes from an article by the French professor of mathematics and 
philosophy, l’abbé Deidier (1696-about 1746), who said that Zeno’s conclusion is 
absurd, except on two suppositions: the first is that Achilles took an infinite 
number of steps to cover the first league, in which case he never reached his goal; 
the second is that when he passed ;'5 of the previous distance, his steps also 
became ten times shorter, so that he could not reach the tortoise. As both of 
these suppositions are ridiculous and impossible, it follows that Zeno’s argument 
is a mere sophism. If some one objects by saying that Achilles must travel 4 
of a league, which he cannot do since he has to pass through an infinite pro- 
gression 3/5, 745, - . - » I reply that this is a sophism as simple as the first, for 
Achilles continually travels at a uniform rate. 

Father Gerdil endorses abbé Deidier’s views. He himself points out that, 
if the tortoise has at starting the lead of 1 league, it travels a distance z before 
it is caught, where z is determined by 10r = 1+ 2. His mode of solving the 
“Achilles” consists in avoiding the summation of an infinite progression by 
addition of its terms, and in determining by one stroke the value represented by 
that progression. An infinite progression has no last term, yet says he, the 
number of terms does not constitute an actual infinity. His argument against 
the possibility of an actual infinity carried great weight with Cauchy.’ 

Passing to Germany we meet first with a philosophical publication by Johann 


1J. S. Ersch und J. G. Gruber, Allg. Encyclopidie der Wissensch. u. Kiinste, Leipzig, 1818, 
Art. ‘‘Achilles.” 

2 Mélanges de philosophie et de mathématique de la Société Royale de Turin, 1760-1761, Suppl., 
p. 1. Georg Cantor gives also the following article by Gerdil: ‘Essai d’une démonstration 
mathématique contre l’existence éternelle de la matiére et du mouvement, déduite de l’impossi- 
bilité demontrée d’une suite actuellement infinie de termes, soit permanents, soit successifs,”’ 
Opere edite et inedite del cardinale Giacinto Sigismondo Gerdil, T. IV, p. 261, Rome, 1806. 

3 See Georg Cantor, ‘Ueber die verschiedenen Standpunkte in Bezug auf das actuale Unend- 
jiche,” Zeitsch. f. Philos. u. Philos. Kritik, Bd. 88, p. 224. 
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Gottlieb Waldin,! professor of mathematics at Marburg, who declares Zeno’s 
proofs invalid, because Zeno assumes the existence of motion, the very thing in 
dispute. 


THE IDENTICAL RELATIONS BETWEEN THE DIRECTION COSINES 
OF ONE OBLIQUE COORDINATE SYSTEM REFERRED TO 
ANOTHER OBLIQUE SYSTEM. 


: By HENRY D. THOMPSON. 
I. Introduction. 


If Oxyz, Ox'y'z’ are any two oblique coordinate systems, then connecting the 
cosines of the fifteen angles between the six lines there are identical relations of 
the fourth degree which are simple and which are the exact counterpart of the 
well known twenty-two relations between two orthogonal systems. Relations for 
the oblique case have been given; for example, by Grunert? and by Sturm,’ but 
some of these are of a degree higher than the fourth, and they are not always so 
easy to use as the orthogonal relations. Inthe American Journal of Mathematics, 
Vol. XXXV, p. 427, it has been proved that the so called Lamé and Gauss equa- 
tions in the theory of surfaces are special cases of equations holding for oblique 
triple systems of surfaces. In the same way, in all the cases tried, it has been found 
that, by the use of the identical relation between two sets of four directions in 
space, all the usual orthogonal relations can be generalized and the corresponding 
formulas for the oblique cases can be obtained. This method will be employed 
here to obtain also the simple relations between oblique coordinate systems. 

Let Oxoyozo be an orthogonal system. Define the (direction) cosines of the 
angles between the various lines of Oxyz, Ox'y’z’, Oxoyozo by the following schemes, 
= 1, = Ci, = 1, = Cj’, 


y # y # 2 Yo 20 A’|Zo Yo 
| 
Ci2 Cis lei’ Cis’ Cis" Sil My pa’ vy’ 
| Cor C22 Cos y’ Car’ C22" C23" Me Ne we y’ pe’ ove” 
Z| C32 Cs 2’ | Cas 2 {ly ms ns ws vs 2’ v3” 


Call the corresponding five determinants C, C’, D, A, A’, and represent each 
cofactor in these determinants by the capital letter and the subscripts of the cor- 
responding element. Since Aj -+ + v2? = ci, + + = Cy, etC., 
a = 1, 2, 3; 7 = 1, 2, 3; direct multiplication gives that A? = C, A” = C’, and 
A-A'=D, or D= CC". 


In the orthogonal case, only the elements of D appear, and in accordance with 


1J. G. Waldin, Erste Griinde der allgemeinen und besondern Vernunfilehre, Marburg, 1782, 
p. 26. Our information about Waldin is drawn from a history of Zeno’s arguments by Eduard 
Wellmann, entitled “‘Zenos Beweise gegen die Bewegung und ihre Widerlegungen,” in Programm 
des Friedrichs-Gymnasiums zu Frankfurt A. O., fiir das Schuljahr 1869-1870. Frankfurt A. O. 
1870, p. 14. 

2 Arch. d. Math., 34, p. 142 and fol. 

8 Arch. d. Math., 3te R., 22, p. 327. 
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that convenient usage, in what follows the identities will be considered as relations 
in the /;, m;, n;, with the ¢,;, ¢;;’, C, C’, D considered as entering in the coefficients. 


II. The twelve bilinear equations between the elements in the rows and columns of D. 
Express the identical relation! between any two sets of four directions in space 


(ds, day ds, du; dy’, dy’, ds’, ds!) by the symbol Gt, | = 05 then the 


six identical relations 


expanded in terms of /,, m;, n; are 


Cu Cx 12+ Css 13% + 2C23 + 2Cn Ll 
Cu Co m2 C33 m3? + 2C 23 2C'31 m3m, 2Ci2 mime 
Cu ni + Coo + C33 ns? + + + 2Ci2 M1 Ne 
C1)’ + C33’ 2C 23’m, ny + 2031’ ni l, 2C'12’ lym, 
Cur! 1? + + C33! + + ne Le + 2Ci2’ lame 
Cur! 132 + + C33’ ns? + + 2C a1’ nz ls + 2Ci2' 


AQWQAAA 

oo 


These six equations are the counterpart of the six equations which state that the 
sum of the squares of the direction cosines is unity when the axes are rectangular, 
and were given by Grunert, I. c., p. 142. 

In passing also, it is useful to note that when L, M, N are any three numbers 
proportional to the oblique direction cosines of a line, the oblique direction cosines 
themselves, 1, m, n, can be found. For, take R so that 1 = L/R, m = M/R, 
n = N/R; these values in the identical relation give 

| Co1 Cog 21 C c i 
| C31 Cs2 css 0; whence = N 
|\L MN \| MNO 
And in the same way, when two lines Od and Od’ are given by numbers proportional 
to the oblique direction cosines, respectively, viz., L, M, N and L’, M’, N’, then 
Cis Cie Cis L 4 | Ci Cis 
| O21 Can | / || Car Cas || C21 C22 C23 M’ || 
+ cos (dd’) = | Csi C33 N / | C31 C32 C33 N C32 N' 
|\L’ M’N’O |/ MNO | \|L’ M’N’O || 


To obtain the six equations which are the generalized form of the six equations 
which state that the product of the corresponding direction cosines of two axes 
of a set are zero when the axes are rectangular, take the six identical relations 


y 


y 


1 Cf. Pascal- -Timerding, Rep. d. h. Geom., 2d Ed., part 1, 1910, 


if 
H 
| 
f =% y 0, La’ y’ 2’ 0, 
? 
| | 
4 no je yz 
La’ 22 y 
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These expanded in terms of 1;, m;, n; are 


Ci + C22 me Nz + C33 m3 + C25 (m2n3 + ms N2) + Cau (msm + mM 


+ Cis (mine + — C23'C = 0, 
Cum + Coz no le + Css ns + Cos (m2 Is + mz le) + Car (ms Li + m1 Is) 


+ Ci2 (m1 Ie + ne hh) — C = 0, 
Cu lim, + Lame + C33 + Cos ( lems + lym2) + Csi ( Lami + Lams) 


+ Ciz ( lime + — C = 0, 
Cir’ Us + + Cos’ + + ms m2) + Car’( ne ls + nz Is) 


+ ( lyms + lyme) — C23; C’ = 0, 
Cir’ Is Li + + C3’ 21 + ni + mi ns) + m3 Li + m1 Is) 


+ Ci2’( lym: + lims) — C’ = 0, 
Cir! Ly + + C3’ Ne + Co3’(mi ne + + m1 Le + ne 


1 
( lyme — C13 = 0. 

The left sides of these last six equations are factors in the equations given by 
Grunert, I. c., p. 143, ete. 
Ill. The value of D. 

Since C? is the von Staudt triedral sine and is positive or negative according 
as Oxoyozo and Oxyz are of the same or opposite senses,! and the same for c* 
with regard to Oxoyoz) and Oz'y’z’, therefore D is a positive or negative proper 
fraction according as Oxyz and Oz’y’z’ are of the same or opposite senses. And, 
for rigid Oxyz, and rigid Ox’y’z’, D is invariant for all the relative positions. This 
is the counterpart of the Jacobi (1835) formula, D = + 1, for orthogonal systems. 
IV. The linear relations between the elements of D and their cofactors. 

The nine identical relations 


~ 


1535S} 
y’ 2’ y’ 2’ y Ay y’ 2! 
is yz ls yz is y yt 
y’ 2’ 2 y’ 2! y y’ 
expanded give (i = 1, 2, 3) 
D = + ¢12’Mi + €13'Ni), (1) 
D = Ls + C12’Mi + c13'Ni), (2) 
Di; = Leis(eu’Ls + ¢12’M; + C13'N;), (3) 
Dmy = + C22’Mi + €23’Ni), (4) 
= + C22’Mi + €23'Ni), (5) 
Dm; = + + C23'Ni), (6) 
Dny = + Cs2’Mi + €33'Ni), (7) 
D nz = + + €33'Ni), (8) 
Dns = + + €33'Ni). (9) 


Multiply the equations (1), (2), (3) by Cu, Ci, Cis, respectively, and add; then 
by C21, C22, Co3, and add; then by C31, C32, C33, and add; the three results, after 
taking out the factor C?, are 


+ Cradle + Cirsls) = + c12'Mi + €13'N1), (10) 
(Cali + Coole + Casts) = + €12'M2 + €13'N2), (11) 
C’8 (Carli + Coals + Coals) = + + c13'Ns). (12) 


1Cf. Staude, An. Geom. des Punktes, etc., p. 159, p. 174. 
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The same multipliers applied in the same way to the equations (4), (5), (6); 
and finally to the equations (7), (8), (9), give 


+ Crema + Cigms) = + + €23'N1), (13) 
+ + Coyms) = + C22'M2 + €23'N2), (14) 
+ + Cayms) = + + €23'Ns), (15) 
mi + + Cisns) = + + €33'N1), (16) 
ni + Coe ne + Cons) = + + €33'N2), (17) 
mi + + = + + €33'Ns). (18) 


Again, multiply the equations (1), (4), (7) by Cir’, Cai’, Csi’, respectively, and add; 
then by C12’, C22’, and add; then by C3’, C23’, C33’, and add; the three results, 
after taking out the factor 0”, are 


+ + = Li + La + Ls), (19) 
+ + = + + (20) 
+ Co23’m + C33'n1) + + ¢s1 N3). (21) 


The same multipliers applied to the equations (2), (5), (8), and then to the 
equations (3), (6), (9) give 


C8 (Cirle + Car’me + = Li + 22 Le + (22) 
C4 (Ci2'le + Co2'me + = + + c32Ms), (23) 
C8(Cis'le + + C33'n2) = C3 + co2Ne2 + C2 N3), (24) 
+ Car’ms + Csi’ns) = Li + €25 Le + €33 Ls), (25) 
+ Coo’ms + = + cosM2 + €33Ms), (26) 
C3(Cis'ls + Cos’ms + = Ni + C23 N2 + €33.N3). (27) 


Multiply the equations (19), (22), (25) by Cu, Cis, Cis, respectively, and add; 
then by C21, Co2, C23, and add; then by C31, Cy2, C33, and add; apply the same 
multipliers in the same way to (20), (23), (26); and then to (21), (24), (27); the 
results, after taking out the factor C! and inverting the sides of the equations, are 
(i = 1, 2, 3) 


D Ly = (C + Ca’ni), (28) 
D Le = + + Cai’ni), (29) 
D Ls = 2C3:(C + + (30) 
DM, = + + C32’ni), (31) 
= + Co2’mi + C32'ni), (32) 
DMs = + Cax’mi + C32’ni), (33) 
DN, = + Cos’ms + (34) 
DN2z = 2C2i(Cis'ls + + (35) 
DNs = 2C3i(Cis'li + + C33’ni). (36) 


The nine equations (1) to (9) give each element of D linearly in terms of the 
cofactors; the nine equations (28) to (36) give each cofactor linearly in terms of 
the elements themselves; the set of equations (10) to (18), and also the set (19) 
to (27), are linear expressions in the elements and cofactors of a row or column of 
D. The symmetry of the set (28)—(36) to the set (1)-(9) is noteworthy. Also 
that of the set (19)—(27) inverted to the set (10)-(18). 

Any one of the four sets of nine equations (1)—(9), or (10)—(18), or (19)-(27), 
or (28)—(36), corresponds to the nine so-called Frangais! formulas for orthogonal 
systems, namely: Each element in D multiplied by D equals its cofactor. 


1 Journ. Ecol. Pol., 1808. 
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As a check upon the work, the identities (10)—(27) can also be obtained by 
direct multiplication. For example, represent 


AY’ fy’ vy 
As M3 


by B,; then, in the identity A’ - (A - B;) = A- (A’ - Bj), first on the left hand 
side multiply together the determinants A and B,, and on the right hand side 
A’ and B;,; the result is one of the identities (10)—(27). 

The identities (10)—(27) are often useful in changing the form of the equations 
for the transformation from one system of oblique axes to another oblique system; 
for example, the equations (2) on p. 197 of Grunert, Arch. d. Math., 34; also in 
proving the relation between the formulas here given and the formulas, for ex- 
ample, of Grunert and Sturm. 


QUESTIONS AND DISCUSSIONS. 
Epitep sy U. G. Mrrcue.t, University of Kansas. 


NEW QUESTIONS. 


25. In an investigation in physics Mr. Mason E. Hufford, 525 S. Park Ave., Bloomington, 
Indiana, has need of the values of the Bessel functions Jo(x) and J:(x) for positive real values of 
zx up toz = 100. Have tables been constructed to this extent? What is the most ready means 
by which the desired values may be computed to any required degree of accuracy? 


REPLIES. 


24.. The following facts are significant: 

(1) The New England Association of Mathematics Teachers has appointed a committee 
“to investigate the current criticisms of high school mathematics.” 

(2) A committee of the Council of the American Mathematical Society has under con- 
sideration the question ‘whether any action is desirable on the part of the Society in the matter 
of the movement against mathematics in the schools.” 

(3) At the recent meeting in Cincinnati of the National Education Association an icono- 
clastic discussion on the topic: “Can algebra and geometry be reorganized so as to justify their 
retention for high school pupils not likely to enter technical schools?” aroused approbation and 
applause. An outline of the remarks by one of the speakers is printed below. 

In view of these facts what should be done by those who believe in the value of mathe- 
matics as a general high school study? 


MEMORANDUM OF REMARKS MADE BY COMMISSIONER Davin SNEDDEN, of 
Massachusetts, before the Mathematics Section of the Commission on the Re- 
organization of Secondary School Studies, Cincinnati, Ohio, February 25th, 1915. 


Commissioner Snedden followed in his discussion the presentation of a paper 
from Assistant Superintendent Wicher, of New Hampshire, on the subject: 
“Can Algebra and Geometry be Reorganized so as to justify their Retention for 
Pupils Not Likely to Enter Technical Schools?” He said in substance: 

(a) That at present algebra and geometry occupy substantially monopolistic 
positions in the curricula of secondary schools, in that in many such schools they 
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are required for graduation, and further, in that they are usually required for 

admission to college; 

(b) That at the present time there is much uncertainty as to the actual edu- 
cational values of these studies, more especially for girls, and that the burden of 
proof rests upon those who desire to have them further continued as prescriptive 
studies; 

(c) That the great majority of teachers of mathematical subjects in high schools 
are not informed as to the ultimate educational values of these studies. They 
content themselves with pursuing proximate aims, among which are the mastery 
of the matter contained in the text-book, enabling students to meet closing ex- 
aminations or college entrance examinations, etc. 

(d) That among writers and thinkers on the subject of instruction in mathe- 
matics there seem to be five prominent ultimate aims held forth as justifying 
the importance attached to these studies in secondary schools, namely: 

1. The so-called “disciplinary aim.” 

2. The so-called “instrumental aim,” for students going into engineering and 
other callings requiring advanced mathematical knowledge. 

3. The other so-called “instrumental aim,” for students pursuing advanced 
studies in such fields as physics, economics, etc. 

4. The first so-called “cultural aim,” in which it is held that mathematical studies 
serve to interpret for the student the world in which he lives. 

5. The second so-called “cultural aim,” to the effect that the study of mathe- 
matics enables the student to interpret a substantial part of his social 
inheritance. 

(e) That of the foregoing aims, that which has the largest support is the so- 
called “disciplinary aim.” The value of mathematical studies under this head, 
however, has been seriously called into question by recent investigations, and the 
majority of the students of education are now inclined to attach relatively little 
value to it, holding that mental discipline must be a by-product of any and all 
studies pursued because of their ultimate worth in fitting the student for life in 
its cultural, civic and vocational aspects. 

(f) That second in importance as the aim of mathematics, in the opinion of 
writers and speakers, is the claim that it serves in an instrumentai capacity both 
for vocations and for subsequent higher studies. It is believed that the im- 
portance of this aim has been greatly exaggerated, and that the whole subject 
deserves special study, particularly as to the needs of girls. 

(g) That each of the so-called “cultural” aims is important, but it is question- 
able whether they are in any substantial degree realized by present methods of 
teaching, it being contended that present methods of teaching, including there- 
under the scope and character of material used, as found in text-books, etc., 
have been dictated by the requirements of the instrumental and disciplinary aims, 
and that as a consequence the large majority of high school students, as the out- 
come of their study of algebra and geometry, have gained neither in compre- 
hension of the world in which they live nor in substantial appreciation of the 
mathematical portion of the so-called “social inheritance.” 
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(h) That the most needed reform in the teaching of mathematics in secondary 
schools at the present time is an analytical consideration of the subject from the 
standpoint, first, of its instrumental or vocational use, and, second, its importance 
as an agency of cultural education. The high school (and equally the college) 
should then offer as electives quite technical courses in mathematics as an in- 
strumental study, to those desiring the same. These schools should also offer, 
probably as electives, distinctly cultural courses designed to acquaint young people 
with the evolution of mathematical studies and the part they now play in the 
life of the individual and of society, these studies to be much more descriptive and 
interpretive than anything now found under the heads of algebra and geometry, 
even including the more historical treatment of these subjects. 


DISCUSSIONS. 


Relating to the use of 7 and e* in vector-notation. 
(Cf. article “A Note on Plane Kinematics,” by Alexander Ziwet and Peter 
Field, this Monruty, Vol. XXI, pp. 105-113.) 


Discussion By Epwin BIDWELL WILSON, Massachusetts Institute of Technology. 


In the Montaty, April, 1914, Ziwet and Field gave a very interesting and 
exceedingly neat treatment of certain elementary properties of plane kinematics 
based on the notation of Burali-Forti and Marcolongo, and they interpreted the 
analysis in a series of fundamental constructions. - The treatment is elegant not 
alone by what it does, but particularly by what it leaves unsaid. The funda- 
mental operation is multiplication by 7 or by e®**, to turn a vector through the 
angle $7 or ¢ respectively. It is not mentioned, except once parenthetically, 
that, used in this sense, 7 and e** are very different from the ordinary i = V¥— 1 
and e* = cos ¢ + V— 1 sin ¢ of algebra. Indeed it is only when these oper- 
ators are applied successively to the same vector that the analogy with complex 
numbers is valid. When applied in products of vectors the operators are not at 
all scalar. This may be seen in the following parallel columns, where I use the 
notations X and A for scalar and vector products (instead of the respective - 
and X of Gibbs). 


and e** as operators i=vV-1, cos + V—1sing 
jlaXa=aXia=0 laXa=aX ia= ia 
a\a=a/Aita=0 
iaXb=—aX ib aX b=aX ib 
iaXib=aXb ib=—aXb 

X e**b=aXb X = X 
aX e*b = bX aX = bX e**a 

X = a’ cos (W — ¢) eta X ea = 

A e“a=a’ sin — A = 0. 


In the last row w is a unit vector perpendicular to the plane we are considering. 


= 
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Now it seems for me that the simple directness of the Ziwet-Field analysis 
depends largely on the fact that the authors do not investigate the properties of 
their operator but operate (with one exception) with the assumed rules and knowl- 
edge of ordinary scalar complex numbers—a process which does not lead them 
into error because they do not need to go far enough to get into radical differences 
with ordinary algebra. It is, however, quite easy to accomplish all their work 
without introducing any new operators and without laying oneself open to error 
by using algebraic notations in non-algebraic senses. If is a unit vector normal 
to the plane, an operator which turns a vector through a right angle is u A. 
Thus u A a is equal to a in magnitude and perpendicular to a in direction. The 
operator applied successively to the same vector gives by geometry the ordinary 


rule for powers of V— 1; namely, 
uA Aa) =-—a, uA @uA(udAa)) =—-udAa, 


This also follows algebraically by the rule for the reduction of double, triple, ---, 
vector products. 
We may go further and consider the operator 


2 3 


=cosg+singu A. 


We should thus see that we get a formula entirely analogous to that for e**; but 
we should not be tempted to think of the operator as a scalar operator. We should 
realize at each step that we were dealing with a vector operator. We should, 
moreover, be right in line with the more general work of A. C. LUNN who, in the 
Monts y, February, 1909, has given a very elegant derivation of the Euler- 
Rodrigues form for a rotation based upon the operator u A applied without 
the restriction that the operand should be perpendicular to u. Indeed the 
equations 


uA 
show that the general form of the operator is 


= cosg+singu A + (1 — cosg)u(ux. 


Although I admit the neatness of the 7 and e** introduced by Burali-Forti and 
Marcolongo and adopted by Ziwet and Field, I do feel that the elegance thus 
obtained does not more than make up for the dangers accompanying the nota- 
tions, to say nothing of the restriction of the operand to a plane and the suppression 
from the analysis of the vital vectoru. Is it not likely that a large amount of the 
appeal of 7 and e* in this sense is due to our neglect of the operational calculus? 
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Those who have a little knowledge of this calculus, as applied in solving linear 
differential equations with constant coefficients, in determining the Bernoulli 
numbers, and the like, should welcome a chance to reveal, rather than to obscure, 
that method in the present problem. And to anyone who writes Taylor’s ex- 
pansion for f(x) as e"”f(x), the significance of e®"’ is apparent. 

There is another objection to the specialized non-algebraic use of i and e** 
as operators and this lies in the fact that their ordinary algebraic use is of im- 
portance in the theory of complex vectors.2, A complex vector or bivector, as 
Gibbs called it, is written A + iB, where i = V— 1, and is represented by the 
two vectors A and B taken together. The expression e*'(A + 7B) treated alge- 
braically gives 


e*'(A + iB) = (Acos g — Bsin g) + i(A sin g + B cos ¢). 
If we consider A and B drawn from the same origin, the vectors 
A’=Acos¢—Bsing, B’ = Asing+ B cos g, 


drawn from the same origin, terminate on the ellipse constructed with A and B 
as conjugate radii, and in particular, if we consider rotation from A to B positive, 
the vectors A’ and B’ are set back relative to A and B by the (eccentric) angle ¢. 
Thus multiplication by e** has a simple geometric meaning. 

Particularly simple are the circular bivectors, namely, bivectors in which A 
and B are perpendicular and of equal magnitude. Multiplication by e** is in 
this case ordinary rotation through the angle — ¢. Following the method used 
by Gibbs in optics we may represent relative motion in a plane by a circular 
bivector formed by adding to the position vector p = P — 0, the velocity p 
multiplied by i = V— 1 and divided by the angular velocity w. We have 


M=p+-P. 
The motion of all other points in the plane may then be expressed as 
M' = re~*'M, 


where r and ¢ are polar coérdinates of any point with O as pole, p as polar axis 
and mod p as unit of distance. We shall not try to reproduce the work of Ziwet 
and Field, but shall content ourselves with having stated that the ordinary 
i = V— 1 is interesting and useful in vector analysis, especially in applications 
to optics. 

Note.—It may be worth while, in connection with this Discussion, to add a reference to A. 
Macfarlane’s paper on ‘A System of Notation for Vector-Analysis; with a Discussion of the 


Underlying Principles,” published by The International Association for Promoting the Study of 
Quaternions and Allied Systems of Mathematics (Press of The New Era Printing Co., June, 


1See Witson’s Advanced Calculus, pp. 149-152, 214-224, 275, 447-449, and passages in 
Heaviside’s Electromagnetic Theory. 
2 Grpss-Witson, Vector Analysis, pp. 426ff. 
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1912), and to recall that the first two of the fifteen conditions mentioned by him as desirable in 
a systematic and adequate vector-notation were (in part): 
1. It should disturb as little as possible the established notation of mathematical analysis. 


' For example, i should be left to denote V—1---. 


2. It may generalize, but not contradict, the notation and principles of algebra.—Ebrror. 


BOOK REVIEWS. 


Epitep sy W. H. Bussry, University of Minnesota. 


TWO NEW TRIGONOMETRIES. 


Plane Trigonometry and Tables. By WENTWortTH and Davin EvGENE 
SmitH. Ginn and Company, Boston, 1914. iv+188 and v+104 pages. 
This text is a revised version of the old and widely known book of similar 

content of the ‘‘ Wentworth series.” With a few exceptions it consists of a 
partial rearrangement of a portion of the material of the older book, and users of 
the older book will have no difficulty in recognizing the text and many of the 
problems of the newer book. Besides some new problems, there have been added 
a few notes of a historical character, a chapter on logarithms and a chapter on 
graphs. In this latter chapter the graphs of some of the simpler algebraic func- 
tions as well as those of the six trigonometric functions are given. Why does not 
some author accidentally introduce a new idea into trigonometry by giving the 
figure for y = sin2z ory = sina-+cosx? The broad treatment of trigonometric 
equations and identities, and the introduction of the radian are deferred to the 
end of the text. In its new dress the text will probably lose no old friends and 
may gain some new ones. 


Plane Trigonometry with Tables. By C. I. Patmer and C. W. LetcH. The 

McGraw-Hill Book Company, New York, 1914. x+156+132 pages. 

The authors make no claim for novelty, new material, or any innovation in 
this book. They hope to give a better, clearer arrangement of the time-worn 
subject matter. It is noticeable that the explanation of logarithms forms a separ- 
ate chapter, bound with the tables, and that in the trigonometry proper there is 
no crowding of their use into any particular place. The type chosen for the tables 
seems unfortunate, being tiresome to the eyes if the tables are used for any 
length of time. 

The introductory chapter contains adequate and particularly clear explana- 
tions of directed angles and lines together with the graphical addition of each. 
With this as a basis and with the use of the ideas of rectangular and polar coérd- 
dinates, the trigonometric functions of the general angle are defined and the 
simpler developments presented. After this has been done successfully, the 
special definitions of the trigonometric functions for the right-angled triangle 
are dragged in from nowhere in particular and for no particularly good reason, 
and then they are used a great deal. The simpler identities and the inverse 
functions, involving acute angles, are then introduced. 
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The following chapter, devoted to the right triangle, introduces the ideas of 
orthogonal projection, vectors and areas of sectors and segments. The authors 
assume that the angles used in these latter discussions are less than a right angle, 
which is of course very unfortunate. By using the graphs of the trigonometric 
functions, the authors lead up to the idea of the addition theorems, and then in a 
natural way introduce the idea of the many-valuedness of an inverse function. 
In most places from this point on, only the principal value of the inverse function 
is used. 

In the discussion of the general addition theorems, the proofs are given for 
admittedly special cases and no attempt is made to mislead the student into 
thinking that the proofs given are general. Some indications are given for the 
extension of the proofs. Identities, direct and inverse, based on these theorems 
conclude the chapter. Then come chapters on oblique triangles, trigonometric 
equations, and De Moivre’s theorem including hyperbolic functions. In this 
latter chapter only the elements of the hyperbolic functions are given, the idea 
apparently being to give some place to which to refer when the future need for 
these functions shall occur. In the discussion of the De Moivre theorem, the 
authors use 7 = ¥— 1 which is extremely unfortunate even though the book 
is primarily for technical students and a + jb is the standard representation of a 
complex number in electrical theory. 

The number of problems, many of which come from the applications, is large. 
The arrangement of the material in the chapters is generally good and natural. 
A rearrangement of the chapters themselves, so as to defer the solution of all 
triangles until the end of the book, seems desirable, the idea being that occasionally 
trigonometry is taught by teachers who have no proper perspective as to the future 
need for trigonometry in mathematics, over-emphasis being frequently given to 
the solution of triangles and more important subjects skimped. 


C. F. Crate 


Geometrical Researches on the Theory of Parallels. By NicnoLaus LOBATSCHEVSKI. 
Translated from the original by GEorcE Bruce Hatstep. New Edition. 
The Open Court Publishing Company, Chicago, 1914. 50 pages. $1.25. 
This is a new edition of a work which appeared in 1891. The desirability 

that such classics of mathematical literature should be available even to those 

students who do not have command of any foreign language is recognized by 
mathematicians the world over. France and Germany have been unusually 
progressive in such matters, and Italy is just inaugurating a series of the classics. 

The beautiful simplicity of these masterpieces is a source of encouragement to 

young students to continue their studies. When a real interest is aroused in 


.non-euclidean geometry or other topic, the study soon extends to the various 


fields of mathematical research which are so closely and so curiously inter-related. 
The student of the history of science is particularly interested in the fact that the 
names of Bolyai and Lobatschevski, independent workers, are indissolubly linked 


* 
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with this wonderful development of geometry, while Gauss and even older writers 
like Saccheri were on the brink of the discovery. The possibility of the simul- 
taneous discovery was not due entirely to the genius, great though it was, of the 
two fortunate individuals mentioned, but also to the many humble and obscure 
scientists who paved the way. 

For those who desire to pursue further the subject of the book under discus- 
sion, H. 8. Carslaw’s translation of itoberto Bonola’s “ Non-Euclidean Geometry” 
is to be commended. It is published by the Open Court Publishing Company. 
Manning’s “ Non-Euclidean Geometry,” published by Ginn and Company, 
Coolidge’s “Elements of Non-Euclidean Geometry,” published at Oxford in 1909, 
and Somerville’s work with the same title are other available English books on 
the subject. 

The paper and the printing of the book seem to be of distinctly inferior quality 
compared with that usually found in books with the same imprint. Some of 
the work seems to be from the old plates. The price is excessive for a fifty-page 
book. “ Bibliography ” is used in a misleading sense, as there is no bibliography 
given. The quotation in French on page 9 needs revision or explanation. 

L. C. KarpInsKI. 


Our Knowledge of the External World as a Field for Scientific Method in Philosophy. 
By BEertTRAND RussELL. ix+245 pages. The Open Court Publishing Co., 
Chicago, 1914. $2.00. 

The author distinguishes three types among present-day philosophies. The 
first of these, which he calls the classical tradition, descends in the main from Kant 
and Hegel. The second type, which is called evolutionism, derives its predomin- 
ance from Darwin and reckons Herbert Spencer as its first philosophical repre- 
sentative but in recent times has been largely modified by William James and 
Henri Bergson. “ The third type, which may be called logical atomism for want 
of a better name,” says our author, “ has gradually crept into philosophy through 
the critical scrutiny of mathematics. This type of philosophy . . . represents, 
I believe, the same kind of advance as was introduced into physics by Galileo: 
the substitution of piecemeal, detailed, and verifiable results for large untested 
generalities recommended only by a certain appeal to imagination.” 

It is to the third type of philosophy that the volume under review belongs. 
It should be of considerable interest to mathematicians not only from the fact 
that the methods employed have arisen from a critical scrutiny of mathematics 
but also because much of its detailed treatment is obviously inspired by the math- 
ematical ideas and results of the past forty years. 

This is not the place for a detailed review of the book, even though it is an 
important one. It should have a large circle of readers among both mathema- 
ticians and philosophers. On the work of the latter it will probably exert a wide 
influence. R. D. CARMICHAEL. 
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Problems of Science. By Freprertco Enriques. Authorized translation by 
KatTuHarinE Royce with an introductory note by Jostan Royce. xvi+392 
pages. The Open Court Publishing Co., Chicago, 1914. $2.50. 

The first edition of the Italian text of the Problema della Scienza of Professor 
Enriques appeared in 1906. It has already become known to a wide circle of 
European students. It is a pleasure to welcome its appearance in English. 

The book contains six chapters treating in order the following topics: the 
general problem of knowledge and related matters; facts and theories and their 
interactions; the general problems of logic; the philosophical and psychological 
questions which are naturally raised in connection with the science of geometry; 
mechanics, its objective significance and the psychological development of its 
principles; the extension of mechanics into physics and the relation of the mechan- 
ical hypothesis to the phenomena of life. 

This book is of quite unusual value. It is written by a mathematician and 
consequently takes proper account of recent mathematical developments. It 
contains a masterly analysis of the problems of science, especially in their relation 
to matters of mathematical expression and of philosophical import. It merits 
the close attention alike of physicists and philosophers and mathematicians. 

R. D. CarMIcHAEL. 


Geometry of Four Dimensions. By Henry Parker Manninc, Ph.D., Associate 
Professor of Pure Mathematics in Brown University. The Macmillan 
Company, New York, 1914. ix+348 pages. $2.00. 

The production of this work, which has taken several years, has evidently 
been a labor of love. The result is a book physically handsome, beautiful in its 
content, creditable alike to the publishers and to the author. The introduction 
of 22 pages is itself worth more than the price of the volume. We have here, 
besides a clear indication of the aim and point of view of the present work along 
with reasons for its methods and procedure, a fair evaluation of hyperspace studies 
in general, and an admirable sketch of the origin and earlier developments of the 
subject with a clew to its literature to date. It is a curious fact that, although 
space dimensionality was a subject of thought with philosophers and mathe- 
maticians from Aristotle down, yet geometry of hyperspace is still under a hundred 
years old, the earliest contribution to the subject being, Professor Manning tells 
us, that of Mdbius in his Caleul, 1827, and even Mobius thought that 4-dimen- 
sional space could not be “gedacht.’”” Why was the beginning so tardy? “The 
general notion,” says Professor Manning, “that geometry is concerned only with 
objective external space made the existence of any kind of geometry seem to 
depend upon the existence of the same kind of space.” The answer is good so 
far as it goes but it might have gone farther and deeper. It might well have been 
made clear that there neither is nor can be a mathematical geometry of sensible 
space; that the subject of mathematical geometry is indeed objective external 
space but is a conceptual space of the kind and not a sensible one; and that 
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the space of 4-dimensional or n-dimensional geometry has the same kind of exist- 
ence as has the space of ordinary solid geometry. What prevented the rise of 


_ multi-dimensional geometry was, not bad logic, but bad psychology; and it is 


bad psychology that still leads many mathematicians to apologize for using the 
language of such geometry becausé it seems to imply belief in the existence of a 
corresponding space. The philosophy of mathematics has had many devotees, 
Of the logic of mathematics there is a large and growing literature. The psy- 
chology of mathematics has been neglected. Here is a great opportunity. Who 
will improve it? 

“Our plane and solid geometries,” says Professor Manning, “are but the 
beginnings of this science” (of geometry). Heisright. Just as a student learns 
the real meaning of analysis only when he studies the calculus, so the real nature 
of geometry shows itself only in the light of the theory of hyperspace and especially 
that of four dimensions. The book in hand provides a natural transition. The 
methods are those of the ordinary geometry of the secondary school or of college, 
and no mathematical knowledge is presupposed beyond that of the usual elements 
of solid geometry. Algebra is not employed. The method is that of so-called 
pure or synthetic geometry. Beyond the explicit introduction of two axioms 
concerned with the relation of collinearity, no special stress is given to the matter 
of postulates or of rigor for rigor’s sake. Instead, the student is presented with a 
four-dimensional structure built upon familiar foundations by familiar methods. 
In this respect and in its limitation to space of four dimensions, the work compares 
both favorably, as being simpler, and unfavorably, as being less rich, with the 
Mehrdimensionale Geometrie of Schoute, where hyperspaces of every dimensionality 
are studied by several elementary methods both analytic and synthetic. One 
who had read Schoute’s book would not need to read that of Manning. On the 
other hand many a student not qualified to read the former can read the latter 
with pleasure and profit. The work is a point geometry in the sense that the 
point is the undefined element, all other figures being regarded as classes of points. 
The procedure being that of metric geometry, one misses the beautiful interplay 
of such dual developments as arise from the projective point of view out of the 
reciprocity of point and hyperlane, and of line and plane. The first 220 pages 
are pangeometric in the Lobachevskian sense, no question of parallels intervening 
in course of the first five chapters. Otherwise the theory is Euclidean except for 
some sections devoted to such themes as the geometry of the hypersphere and that 
of the hyperplane at infinity. It is notable, by the way, that the phrase “at 
infinity” and equivalent phrases are used merely to facilitate talk about paral- 
lelism and do not imply the existence of infinite numbers or distances, no infinite 
region or element being posited. 

In the first chapter, concerned with foundations, certain familiar concepts 
and theorems are presented with extraordinary care and clarity to fortify the 
reader against the approaching shock of such 4-space relations and possibilities 
as transcend experience. Perhaps the author is a bit unfortunate in speaking of 
such relations—the fact, e. g., that in general two planes have one and but one 
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common point—as “contradicting” experience. To say that it is transcendence 
rather than contradiction seems far enough from verbal quibbling. It seems a 
pity that the notion of a line pencil was not available so that the very beautiful 
theorem on page 61 could have been made to read: T'wo independent planes 
contain, each of them, one and but one pencil of lines such that any two of the lines are 
coplanar. Denote the planes byaandf. Then we may say with Professor Man- 
ning that “a and @ are covered with these lines.” But it is somewhat ambiguous 
to say that the planes “might be said to consist of them.” They consist of the 
points of the lines but not of the lines as lines. 

It is in the second chapter, devoted to perpendicularity, that the beginner will 
realize that the narrow shell of his familiar geometric conceptions is bursting 
asunder and letting in the light of vistas of which he had never dreamed. And 
the surprise and joy will attend him throughout the book, being indeed renewed 
and deepened when he enters upon the doctrine of parallelism in chapter VI. 

The normal development is interrupted in chapter III in order to point out 
the possibility and nature of what is called “ Point Geometry,” that is, the theory 
of the angles at a 4-space point. This is a 3-dimensional geometry, not of, but 
within, 4-space. The name is hardly felicitous in view of the fact that the entity 
taken for element is not the point nor indeed the angle but the line or half-line. 
Possibly a better name would have been line geometry or angle geometry of a 
4-space point. It might have been indicated, too, that there is possible a kind 
of reciprocal 3-dimensional geometry of the hyperplanes enveloping a point, 
as well as, matching the line geometry of a hyperplane, a 4-dimensional geometry 
of the planes enveloping a point of 4-space. Analogous suggestions occur in 
noticing the place here accorded to what the author calls “Edge Geometry,” 
that is, the 2-dimensional theory of planes or half-planes having a line or edge in 
common. 

Chapters IV, V, VI, VII, and VIII deal respectively with symmetry, order, 
and motion; hyperpyramids, hypercones, and the hypersphere; Euclidean ge- 
ometry, figures with parallel elements; measurement of volumes and hyper- 
volumes in hyperspace; and the regular polyhedroids. 

The book ought to be in the library of every teacher of high-school mathe- 
matics and would serve admirably for use in an advanced undergraduate elective 
course in pure geometry. 


Cassius J. KEYSER. 


CoLuMBIA UNIVERSITY. 
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PROBLEMS AND SOLUTIONS. 
Epitep By B. F. Finxet R. P. Baker. 
PROBLEMS FOR SOLUTION. 
ALGEBRA. 


When this issue was made up, no solution had been received for number 428. 


430. Proposed by H. C. FEEMSTER, York College, Nebraska. 
Solve the equations 


=k+ te d, (1) 
i=1 
08+" sate d, (2) 
i=1 
3 @) 
t=1 
(n) 
t=1 


431. Proposed by ELMER SCHUYLER, Brooklyn, N. Y. 


Form a magic square of 9 cells such that (the integers being all different) the products of the 
integers in the rows, columns, and diagonals shall be the same and the smallest product possible. 


432. Proposed by C. N. SCHMA4L., New York City. 


There are n straight lines in a plane, no two of which are parallel, and no three of which 
are concurrent. Their points of intersection being joined, show that the number of new lines 
drawn is §n(n — 1)(n — 2)(n — 8). 


GEOMETRY. 
When this issue was made up, no solution had been received for number 459. 


460. Proposed by J. W. CLAWSON, Ursinus College, Pa. 


ABC is a triangle, O and J the centers of the circum- and in-circles respectively, and I’, 
I’, I'’ the centers of the three escribed circles. If AO, BO, CO meet the circumcircle in P, P’, 
P" respectively, and PR, P’R’, P’’R” are drawn parallel respectively to AJ, BI, CI to meet BC, 
CA, AB respectively in R, R’, R”, prove that: (1) PR, P’R’, P’R” are concurrent, say at J. 
(2) JO =O]. (8) JI’, JI”, JI'” are perpendicular respectively to BC,CA, AB. (4) AR, BR’, 
CR” are concurrent. 


461. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


Prove by means of any inscribed triangle the following trigonometrical relations: sin 28 
= 2 cos®. cos28 = — sin? sin 38 = 3 sin B — 4 sin*® B. cos 38 = 4 cos* B — 
3 cos B. 


462. Proposed by DANIEL KRETH, Wellman, Iowa. 


A conical glass, the diameter of the base of which is 5 inches and altitude 6 inches, is one-fifth 
full of water. If a sphere 4 inches in diameter is dropped into it, how much of the vertical axis 
of the glass is immersed? 


463. Proposed by NATHAN ALTSHILLER, University of Washington, Seattle. 


Through a given point, to draw a line that cuts off on the sides of a given angle two segments 
ghe sum of which has a given value. 


* 
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CALCULUS. 
When this issue was made up, no solution had been received for number 378. 


380. Proposed by C. N. SCHMALL, New York City. 
Show that 


1 1 1 
where the series in the brackets is infinite. 


381. Proposed by ELBERT H. CLARKE, Purdue University. 


Of all points having the same latitude and a constant difference « in their longitudes, to find 
the latitude of the two so situated that the distance between them, measured along their common 
parallel of latitude, shall exceed the distance between them measured on their great circle by the 
greatest possible amount. 


382. Proposed by B. J. BROWN, Student in Drury College. 
1 
Discuss for what values of m and n, the integral, J x™—1(1 — x)"""dz, is finite and show how 


this integral can be expressed by means of integrals of the form £ ® e-ayP-Idr, 


MECHANICS. 


When this issue was made up, solutions had been received for numbers 297, 
301, and 302. 


304. Proposed by B. F. FINKEL, Drury College. 


A spherical shell, inner radius r and outer radius R, has within it a perfectly smooth solid 
sphere of the same material and with radius r, <r. If the inner surface of the spherical shell is 
also perfectly smooth, determine the motion, after the time ¢, of the shell and sphere down a 
rough inclined plane, inclination a. 


305. Proposed by B. J. BROWN, Student in Drury College. 


A particle is to be projected so as to graze the top of a wall h feet high, at a distance of a feet 
from the point of projection, and to strike the ground at a distance b feet from the foot of the wall. 
Find the velocity of projection, and the inclination of the path to the horizontal, at the ground 
and at the top of the wall. I. C. 8. 1903. 


306. Proposed by EMMA M. GIBSON, Drury College. 
A sphere is composed of a solid homogeneous hemisphere and a very thin hemispherical 
shell of equal mass. 
What is the greatest inclination of a rough plane on which the sphere can just rest in equi- 
librium? 
NUMBER THEORY. 


When this issue was made up, no solutions had been received for numbers 227 
and 228. 


230. Proposed by E. B. ESCOTT, Ann Arbor, Michigan. 

Find three numbers such that their sum, the sum of their squares, and the sum of their 
cubes, shall be a cube. 

Note-—W. D. Cairns says this problem, which was proposed in L’Jntermediaire in 1900, 
remains unsolved to date, even though it was reprinted in that journal in February, 1913. 


231. Proposed by A. J. KEMPNER, University of Illinois. 


Is the series whose terms are the reciprocals of all positive integers not containing a given 
combination of figures, for example not containing the combination 37, convergent or divergent? 


| 
| 
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ee 1 1 
Numbers such as 37’ 370’ 5371 shall be omitted, numbers such as a) 307° 5317 shall be ad- 


mitted as terms of the series. (Compare AMeriIcAN MarHemMaticaL Montaiy, Volume XXI, 
page 123.) 
SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


421. Proposed by C. N. SCHMALL, New York City. 
Give a trigonometrical solution of the general quadratic equation. 


SoLuTion By Pavut Capron, United States Naval Academy. 
Let the equation be 


br +c=0 (a > 0). 
Then the algebraic solution 
= 1 i- 
may be evaluated: 
(1) Ife > 0, let 
= sin? 6; 
then 
=5,(— 1+ cos = or — costs. 
(2) If ec < 0, let 
4ac 
= tan’ ¢; 
then 
(- 1 + sec ¢) =" or cos’, 


If tables of the hyperbolic functions are at hand, the following is simpler 
than (2): 
(3) If ¢ < 0, let 
4ac 

then 

1 sh } 9 b h? 9 

= 3g | — + cosh y) = 5, sin y/2 or — 5, 008 y/2. 


If a table of haversines is available, the following is simpler than (1): 
(4) If ec > 0, let 


4 
= sin’ 6; 
then 
b b 
= — hav or — — hav (180° — @). 
a a 


Also solved by the Proposer. 


| 
| 
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422. Proposed by W. D. CAIRNS, Oberlin College. 


Find a solution of the equation a2N2 = (xVz)?. {Adapted from Godfrey & Siddon’s Elemen- 
tary Algebra.]} 

Solved by Epwarp Ineuam, F. L. Carmicuart, H. T. Bictow, Exizaseta A. Davis. 
Watter C, Eruts, D. H. Ricuert, H. C. Feemster, A. H. Hotmes, Frank Irwin, Grorce Y, 
Sosnow, Exvsert H. Cuarxe, A. M. Harpina, and the Proposer. 


Sotution By A. M. Harpina, University of Arkansas. 


If we take the logarithm of both members of the equation, we obtain 
a Vz log « = x log (a Vx) = x log (x)? = 32 log a, 
or 
a( vx — $) log a = 0. 


Hence x = 0, log x = 0, and vz — $= 0. Therefore x = 0, x = 1, and z= j. 
If we substitute x = 0, both members of the given equation take the indeterminate 
form 0°. In order to show that z = 0 is a root, we proceed as follows: 


Since = (23'2)* = x32, we have x(***-#) = 1, Hence we must show that =1 


log 


asx=0. Lety = then log y = (2° — $x) log z, or log y = 


Differentiate numerator and denominator. Then 
log x — —22(x!2 — 3) 
lim = — = ~ =0. 


Hence lim y = lim [x‘***-#)] = 1, and z = 0 is a root of the given equation. 


423. Proposed by ELBERT H. CLARKE, Purdue University. 
Show that the following formula is true for all positive integral values of k. The parenthetical 


‘+ a = 1, by definition. 


symbols are defined as being the binomial coefficients, and ( 0 


FT) + (- ne 


s—l 
I. Sotution spy A. M. Harpine, University of Arkansas. 


There is a misprint in the last term of the left member of the equation as originally given. 
The exponent should be k — 1. 
We have 


(k — 9 + (k — + 


= 14+ 


k 


2 
l+2+5,+ 


% 
ll 


| 
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Denote the left member of the given equation by F(k). 
F(k) F(k) 


It will be seen that the coefficient of x* in the above sum is —- kt” Hence —— 


k! 
is the coefficient of z* in the expansion 
k+1 
ek 1 ) e(k-Dez + ( ) 


This expansion can be written in the form 


1 s—1 


= ef (1 — 4 (— 1)*4}(k+1— e~*) 


The coefficient of x* in this expression is — — 
Hen ce) = =. Hence F(k) = 1. 


II. Sotution sy A. M. Kenyon, Purdue University. 


This formula is a special case under the theorem: 

If the coefficients of the binomial expansion of (2 — y)", n = 1, 2, 3, «++, be 
multiplied, term by term, by the mth power, m = 0, 1, 2, ---, of the terms of 
any arithmetic progression, the sum of the products will vanish if m < n. 


| 
| 
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where x = — a/d. The sum on the right is equal to 


Bem 


of which the inner sum vanishes for s < n, therefore for every s when m < n. 
If now we set k + 1 for n, k for a, — 1 for d, and k for m, we have 


t=0 
that is, 


Also solved by 8S. A. Jorre. 


GEOMETRY. 


448. Proposed by S. W. REAVES, University of Oklahoma. 

Through a given point P within a given angle to draw a line which shall form with the sides 
of the angle a triangle of a given area [Well’s New Plane Geometry (1909), p. 153). 

Solved in various ways by Horace Otson, Ciirrorp N. Georae Y. Sosnow, 
NaTHAN ALTSHILLER, and A. HoLMEs. 


So.tuTion By H. O. Hanson, East Elmhurst, N. Y. 


Let Zz ABC be the given angle, and P the given point within the angle. 

Through P draw the line DE parallel to BA, and draw the line FE parallel 
to BC so that BFED forms a parallelogram of the given area. On PE as hypothe- 
nuse construct the right triangle PEG so that PG = PD. Lay off FH = GE, 
and draw a line through H and P meeting BC at K and FE at M. 


Then A BHK is the triangle required. 
For, in the right triangle PEG, we have, 


P@ + GE? = PE’, 
or, since PG = PD, and GE = FH, 


™ 
s=0 
| 
| A 
H i 
| E 
fis 

B DK C 
PD? + Fit = | 
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Now, since the triangles PDK, FHM, and PEM are similar, and therefore 
proportional to the squares of their homologous sides, it follows that 


A PDK + FHM = A PEM. 
Adding the polygon BF MPD to both sides of the above equivalence we get 
Area BHK = Area BFED. 


Remark. There will, in general, be two different solutions according as the side of the parallel- 
ogram drawn through P is taken parallel to BA or BC. If, however, the given area is such that 
PE = PD, the two solutions will be equal, and either solution will, in this case, give the smallest 
triangle that can be drawn with its side passing through P. If the given area is such that PE < PD, 
there will be no solution. 


450. Proposed by W. L. WATSON, Moundsville, W. Va. 


If three straight lines AA’, BB’, CC’, drawn from the vertices of a triangle ABC to the op- 
posite sides, pass through a common point O within the triangle, then 


OA , OB , OC 


SoLuTion By Marcus Sxarstept, Augustana College, Rock Island, IIl. 


Draw BD perpendicular to AC, and OE perpendicular to DB. Then 


_ED _ AOC 
BB’ BD” A ABC’ 


Similarly, 


OA’ _ S COB q 2 _4AB0 


Adding, we get 
OA’ , OB’ , OC’ ACOB+ AOC + A ABO _ 


AA’ = ABC 


Solved similarly by A. M. Harpine, NatrHan ALTSHILLER, R. M. Matuews, A. H. Houmss, 
T. Danrzic, Capron, E. E. Wuarrrorp, Horace Otson, Cuirrorp N, Mutts, A. L. Me- 
Carty, and Y. Sosnow. 


451. Proposed by CLIFFORD N. MILLS, So. Dakota State College. 


Determine the sides of an isosceles triangle of given area, having given that the sum of its 
sides is equal to the sum of its base and altitude. 


BA 
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SoLuTion BY ExizaBetTH Brown Davis, U. S. Naval Observatory. 


Let BCD be the given isosceles triangle; A, its area; 2b its base; 2a its 
altitude; and ¢ each of its equal sides. Then by the conditions of the problem 


2c = 2a + 2b, or c=a+b. 
Also, 
(2a)? + = = (a + 
whence 
3a? + 2ab = A, 


anda= 473A. Hence, 2a= 334 = altitude. Since 2ab = 3a*,b = fa = 4.134; 
2b = V3A = the base; and c = a+ b = §v3A = the length of the equal sides. 


Also solved by C. E. Giruens, Evsert H. Ciarxe, A. M. Harpine, A. H. Hotmes, WALTER 
C. H. C. Feemster, Horace Orson, Grorce Y. SosNow, and NaTrHan ALTSHILLER. 


CALCULUS. 
364. Proposed by EMMA GIBSON, Drury College. 
Solve the differential equation 


(cp — y)? = a(1 + p*)(@? + y*)*”, where p = . 


I. Sotution By Geo. W. Hamline University. 


Let v = and u? = 7’. 


The equation then takes such form that the variables can be separated and we 
have 


dv Va du 


= 
Vu — aw 


Integrating, 
tan » + ¢ = cos! (1 — 2au) = vers 2au. 


tan™?=+ ¢ = vers 2a + 


II. Sotution sy C. C. Steck, New Hampshire College, Durham, N. H. 


If we put x = rcos @ and y = rsin @ in the given equation we get 


Integrating this we have 


Whence, 


6+ c = arc vers 2ar. 


are + = arc vers 2a Vz? + 


Solved similarly by A. M. Harpina, C. N. and Leroy Corry. 


| 
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365. Proposed by C. N. SCHMALL, New York City. 


Show that the area inclosed by each of the following three curves is equal to the circle of 
radius @; viz., wa’. 


(1) = — y), (2) — 2? = (y — (3) (ry +e + ba)? = 22(a? — 2°), 


I. Sotution By A. M. Harprina, University of Arkansas. 


If we change these equations to parametric forms we obtain 


(1) x =4acos*tsint, y= 2acos?t, 
(2) x =asint, y = ma’ sin? t + a cost, 
(3) _ cost — a*bsint — cesct 
a 
Hence, 


(1) Area= fy dz = rf 8a?(4 cos* t — 3 cos‘ t)dt = 7a’; 
0 


(2) Area = Sy dz = (ma? sin® t + a cos t)a cos t dt = ma?; and 
0 


(3) Area = fy dz = f (a? cos t — a*b sin t — ¢ esc t) cos t dt = ma’. 


II. Sotution py H. C. Freemster, York College, Nebraska. 


2a (*(yla)N2ay — y2 _ 38a + ar — 272 x 
A= f dydx = Vax — 2° + a? vers"! 
0 


—(yla) — y2 3 


9 
A, = f dady = | x Va? — 22+ a®sin™ = 7a’; 
—a dat—z2 a j-a 


A; -f f dxdy = | x Va? — 2? + a? sin“ = = 7a’, 


NUMBER THEORY. 


and 


218. Proposed by ELIJAH SWIFT, University of Vermont. 
If p is prime > 3 show that te 
“Ss > = 0 (mod p). (1) 


a=1 


I. Sotution By Tracy A. Pierce, Berkeley, Cal. 


In (1), we may replace 1 by a?~, since a?! = 1 (mod p). We then have 


a=p—1 


a’-* = 0 (mod p). 


| 
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But it is well known that the sum of like powers of the numbers 1, 2, 3, ---, 
p — 1is divisible by p if the power is not a multiple of p — 1; hence, the theorem 


is proved. 
As a generalization of the congruence above, we may state 


a=p—1 1 
0 (mod p) 
a=1 
if k is not a multiple of p — 1. 


II. SoLuTIon By THE PROPOSER. 


a=p—1 1 a=p—1 
a= L (mod p). 
a=1 a e=1 
But 
a=p—1 
a’ = A;? 
a=1 
where 
p-l 
A, = A, = + 
a=1 a,=1 


In Bachmann’s Niedere Zahlentheorie, Vol. I, page 155, it is proved that A, and 
A, are divisible by p, whence the theorem. 


NOTES AND NEWS. 
Epitep By W. D. Carrns. 


Professor ANDREW W. Puituips, of Yale University, died on January 20, 
1915. He was joint author of Phillips and Fisher’s Geometry. 


Professor R. M. Barton of the University of New Mexico has been appointed 
professor of mathematics in Lombard College. 


Professor W. H. RokEver, representative of Washington University on the 
editorial staff of the Montuty, was elected to honorary membership in the 
Society of Phi Beta Kappa by the Washington University Chapter, which was 
installed last year. 


“The arithmetic mean as approximately the most probable value a posteriori 
under the gaussian probability law,” by Epwarp L. Dopp, is the title of a pam- 
phlet published by the University of Texas as its January, 1915, Bulletin. 


The February number of the Proceedings of the National Academy of Sciences 
contains two mathematical articles. The first is by Professor E. J. WitczyNskI 
and bears the title “Conjugate systems of space curves.” The second is due to 
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Professor L. P. EIsenHart and appeared under the heading “Transformation of 
surfaces omega.” 


The American School Bourd Journal for December prints an article by Mr. 
Grorce H. Eckets on “The place of mathematics in the highschool curriculum.” 


Professor A. O. LEuscHNER of the University of California was elected vice- 
president for 1915 of Section A (Mathematics and Astronomy) of the American 
Association for the Advancement of Science. 


The central committee of the International Commission on the Teaching 
of Mathematics has found it necessary to abandon the meeting planned for 


Munich in August of this year and to postpone the preparation of such reports 
as concern European countries. 


Professor S. W. SHatrucxk, who until his retirement in 1912 was for thirty- 
seven years head of the department of mathematics in the University of Illinois, 
died in Champaign on February 13. 


The first award of the Alfred-Ackermann-Teubner Prize, which was inaugu- 
rated in 1912 for the advancement of the mathematical sciences, has been made 
to Professor Fetrx Kier for his work relating to the teaching of mathematics. 
The money value of this prize is 1,000 marks, and it is to be awarded every two 
years. The subject for 1916 is “ Mathematics, primarily arithmetic and algebra.” 


The “List of officers and members” of the American Mathematical Society 
published in January shows a membership at present of 709, 38 having been 
admitted and 32 having withdrawn during 1914. New York State furnishes 
the largest group, 115 members, 70 of whom are in New York City. There are 
56 members from foreign countries. 


Professor de la VaLi&E Poussin of the University of Louvain is giving a 
series of lectures in French at Harvard University on Lebesgue Integrals. The 
lectures are given twice or three times a week during the second semester and are 


accompanied by supplementary lectures and explanations in English by Dr. 
JACKSON. 


At the University of Illinois the graduate students in mathematics recently 
formed a temporary organization with a view to securing lectures on mathe- 
matical topics which are not commonly treated in the regular courses. During 
the present semester these lectures are being given by Professors G. A. MILLER 
and J. B. SHaw on the general subjects, historical development and philosophy 
of mathematics. 


In the February number of School Review Mr. J. H. Minnick of Horace Mann 
High School, Columbia University, reports on “A comparative study of the 
mathematical abilities of boys and girls,’ based upon the work of 150 boys and 
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248 girls in the Bloomington (Indiana) high school during the four years beginning 
September, 1906. Their relative achievements in English, history, language 
and science were also tabulated and certain definite conclusions were reached by 
the author. Taking into account the whole student body, the girls are the 
equals of the boys although they do not excel to the same degree in mathe- 
matics as in some other subjects, especially in language and English. Among 
the retarded students, mathematics has given slightly more trouble to girls 
than to boys; mathematics is evidently a slightly stronger factor in the elimina- 
tion of girls than of boys. Measured by ability to achieve, mathematics is 
about as well suited to girls as are history and science. 

Further, the records of 191 students who entered the high school during the 
years 1903-1909 and later studied in Indiana University were considered, this 
study indicating that while smaller percentages of girls are conditioned and 
failed, the girls as a group do not maintain their standing in the university quite 
as well as do the boys. 


The annual meeting of the British Mathematical Association was held at the 
London Day Training College, London, on January 9, under the presidency of 
Sir George Greenhill. It will be of interest to our readers, by way of com- 
parison with American associations, to know that this body now enrolls 749 
members, of whom 8 are honorary and 80 are life members; aside from these 
there are’about 200 associates. Professor A. N. Whitehead was elected president 
for the years 1915 and 1916. 

During the past year the Council has issued a Catalogue of Current Mathe- 
matical Journals, etc., with the names of the libraries in which they may be 
found; the work was done largely through W. J. Greenstreet, editor of the 
Mathematical Gazette, the organ of the Association. 

In continuance of the important work done in the past few years, two com- 
mittees may be mentioned; namely, (1) a subcommittee has been considering 
the whole question of the teaching of geometry and is now engaged in drawing 
up a report; (2) a special committee is preparing a report on the teaching of 
mathematics in girls’ schools. The latter report is to include not only a fairly 
detailed scheme of work in mathematics for girls, both specialists and non- 
specialists, but also suggestions as to methods of teaching the subject. 

Sir George Greenhill’s presidential address on “Mathematics in artillery 
science” is reported in a summarized form in Nature for January 21. This 
address has not as yet appeared in print, but has been reported only in the daily 
papers; a possible explanation is his severe criticisms of England’s lack of atten- 
tion to the theoretical grounding of military science. 


The seventeenth conference of the secondary schools cooperating with the 
University of Chicago was held at Chicago on Friday, April 16, 1915. The gen- 
eral topic for all the departmental sections was on the use of the school library. 
In the mathematics section this topic had already been discussed at the preced- 
ing conference and hence the meeting was devoted to the consideration of two 
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other topics, namely, (1) the contribution of mathematical clubs to interest and 
activity among high school pupils, and (2) the closer interrelations that should 
exist between the mathematics of the sixth, seventh, and eighth grades and the 
mathematics of the high school, considered from the standpoint both of efficiency 
in teaching and of economy in time. 


THE AMERICAN MATHEMATICAL MONTHLY 
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The need of a standard journal in this country, with aims such as those of the 
AMERICAN MATHEMATICAL MONTHLY, is attested by the fact that the subscrip- 
tion list has nearly trebled since the reorganization in 1912. All friends of the 
cause can assist in the good work by passing the word alcng to others and by 
sending to the Managing Editor the names of those who should be interested in 
such a journal. 


The Constituency of the Monthly should include: 


1) All teachers of the advanced courses in secondary schools, especially in those schools 
which offer trigonometry, college algebra, and analytic geometry. 


2) All teachers of undergraduate courses in mathematics in colleges, universities, and 
engineering schools. 


3) University professors of mathematics who wish to keep in touch with pedagogical move- 
ments in the collegiate field. 


4) Graduate students in mathematics who wish to profit by historical and pedagogica) 
iscussions among teachers of experience 


5) All productive workers in mathematics who may occasionally desire a place of publication 
for articles of minimum technical difficulty suitable for the promotion of scientific interest 
among the average mathematical readers. 


6) All who are interested in the proposal and solution of problems, especially those who seek 
pe poten ‘eg co-workers with respect to actual difficulties encountered in the prosecution 
of research. 


7) _ ee libraries and the libraries of all colleges, normal schools, and the larger high 
schools. 
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THE HISTORY OF ZENO’S ARGUMENTS ON MOTION. 
By FLORIAN CAJORI, Colorado College. 


VI. 
6. Newton, BERKELEY, JURIN, RoBINS AND OTHERS. 


Whether certain variables can reach their limits or not is the vital issue in 
the “Achilles.” For that reason Newton’s statements on this point are of 
interest: 


“, . . those ultimate ratios with which quantities vanish are not truly the ratios of ultimate 


quantities, but limits toward which the ratios of quantities decreasing without limit do always 
converge; and to which they approach nearer than by any given difference, but never go beyond, 
nor in effect attain to, till the quantities are diminished in infinitum.’” 


That Newton let his variables reach their limits appears even more clearly in 
the following passage: 
“Quantities, and the ratios of quantities, which in any finite time converge continually to 


equality, and before the end of that time approach nearer the one to the other than by any given 
difference, become ultimately equal.’ 


Other passages in the first book of the Principia allow variables to reach their 
limits. While Newton’s exposition is not as explicit as one might wish, nor 
free from objection, he deserves the credit of perceiving that variables may reach 
their limits and that variables arising in mechanics are usually of such a nature 
that they do reach their limits. 

As is well known, the foundations of the calculus were severely attacked by 
Bishop Berkeley. His first published statement on this subject appears in his 
Alciphron, or the Minute Philosopher (1732), penned while he and his wife were 
sojourning at Newport, Rhode Island. He says that mathematical science 
falls short of “those clear and distinct ideas” which many “expect and insist 
upon in the mysteries of religion. . . . Such are those which have sprung up 


1 Newton’s Principia, Book I, Section I, last scholium. 
2 Newton’s Principia, Book I, Section I, Lemma I. 
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